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The article proposes a mathematical model
for measuring the density of nanosized
particles. The mathematical model describes
the relationship between the sedimentation
time constant, density, fluid viscosity

with density and diameter of nanosized
particles. The model takes into account

the influence of gravity forces, hydrostatic
lifting force, forces of resistance to motion.
The concentration of nanosized particles

is estimated based on Rayleigh scattering
simulations. Analytical dependences have
been obtained that make it possible to
estimate the average density of individual
nanosized particles at their known sizes or
the characteristic diameter of nanosized
particles at their known density based on the
experimentally determined sedimentation
time constant.
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BBEOEHWE

[[lpoKOe MCIIONIb30BAHHE HAHOPA3MEPHBIX YaCTHI]
B KauecTBe HaIlOJTHUTe el AUCIIePCHO-apMHUPOBAaHHBIX
IIOJIMMEPHBIX KOMIIO3UTHBIX MaTepHaoB 00yCIoB-
JIeHO CyLIeCTBeHHBIM IIOBBILIIEHHEM MeXaHHYeCcKHX
XapaKTePUCTUK KOMIIO3UTOB IIPH MaJIOM (II0 Macce)
KOHLIEHTPAIIMK YacTHUI HaronHuTens [1, 2, 3]. Ogune
U3 3QPeKTHBHBIX METOHLOB IOHCKA HOBBIX KOMIIO3H-
up, obnamaromux TpebyeMBIMH MeXaHHYeCKHMH
XapaKTepUCTUKAMHU, OCHOBAaH Ha MaTeMaTHYeCKOM
MOJeNHpoBaHUU [4, 5]. B obumiem ciydae BBIIENISIOT
IBa IIOAXOLA K IIOCTPOEHHIO MaTeMaTHUYecKUX Moje-
JIeN TUCIIepPCHO-apMHPOBAHHBIX ITOJIMMEPHBIX KOMIIO-
3UTHBIX MaTepHaIOB. IIepBBIN IIOAXOM, MAaKPOCKOIIH-
YeCKHUM, OCHOBAH Ha HCII0JIb30BAHUH TPAAHULIKOHHOTO
amrapara MeXaHUKU II0TUMepoB [4, 6, 7], BTOpOH -
MHKPOCKOIIMYeCKHI, OCHOBAH Ha NMPUMeHEeHUH aIllla-
paTa MOJeKyJIpHON AUHAaMHUKHU (8, 9]. [IpuMeHeHUe
anmnapaTta MeXaHHKHU II0THMepOB sIBIseTCs Haubosee
Lieriecoobpa3HbIM, HECMOTPSI Ha LeJbIM PSJ OTPaHH-
4yeHHI. Tak, HCIIOIB30BAHHE 3TOr0 II0AXonAa Tpedyer
UHQOPMAIIMK O MeXaHHYeCKHX XapaKTepHUCTHUKAX
(HampuMep MOAYIH YIPYrocTd, KoapduumeHT Ilyac-
COHA) HaHOpa3MepHBIX dacTull [10]. Ha mpakTHKe
MeXaHHYecKHe XapaKTEePUCTHKKU HaHOpPa3MepHBIX
YaCTHUL BO3MOKHO OIIPefie/IUTh JaJieKo He Bceraa. JTo
00yC/IOBTIeHO TeM, YTO H3MepeHHe 3THX XapaKTepH-
CTHUK IIOPOM HEBO3MOXKHO HK3-32 MaJIOTO JHaMeTpa
HaHOpa3MepHbIX YacTHI]. MaTeMaTH4ieCKHe MeTO[bl
KX IpelcKa3saHHUs 3a4acTyl0 CBSI3aHBL C pelleHHeM
obpaTHBIX 3ama4y, TpeOYyIOIMMX CTPOrOro JoKa3aTellb-
CTBa eJWHCTBEHHOCTH HX peIleHHs, 4YTO YCyrybms-
eTCs OTCYTCTBHEM aIlpHOPHOM HHQopMauuu 00 X
MeXaHHUYeCKUX XapaKTepHUCTHKax. Takke ciaenyer
OTMETHUTb, YTO CTPYKTypa HAHOPa3MepPHBIX YacCTHIL
MOXKET OTJIMYAaThCS OT CTPYKTYPhl MMKPOYACTHIL
TOT'O >Ke COPTa, CIef0BATEIbHO, M MeXaHHUYeCKHe CBOM-
CTBA 3THX YaCTHIL TakcKe OyoyT pasimuyHBI. [IOIBITKU
OLIEHKHU IUIOTHOCTH CMECH YaCTHUIL[ U KHUIKOCTH Jeja-
JIUCh Ha OCHOBE aHaJIK3a 3aBUCHMOCTH KO3PPHIIHEeHTa
IpesioMJIeHUs 0T KOHLeHTpanuu (11, 12, 13], Ho oHU
OCHOBaHBI Ha KparHe JOPOTOCTOSIIINX MHCTPYMEHTaX
HM3MepeHUs LeHTPAJIbHOM JIMHBI BOJIHBL BOJIOKOH-
HOM OP3ITOBCKOM pelleTKH. B CBSI3W C 3TUM aKTyaJlb-
HBIM SIBJISIETCS MCIIONIb30BaHHE KOCBEHHBIX METOOB
orpefiesieHHs] NPUONMKEHHBIX 3HAYeHHHN OQH3HKO-
TeXHUYeCKUX XAPaKTePUCTUK HAHOPa3MepHBIX
YacTU1], KOTOpble Ha IIPaKTUKe I103BOJISIT OIPAaHUYHTD
0b671acTh IoMCKa pelieHUs 0OPaTHBIX 337ad.

OmHHUM K3 BLKHBIX I1apaMeTPOB HaHOpPa3MePHBIX
YaCTHLI SIBJISIeTCS UX IVIOTHOCTD, 3HAsI KOTOPYIO MOSKHO
OIIpefieNIUTh AUAIIA30H HEeKOTOPBIX UX MeXaHHUYeCKHX
XapaKTEPUCTUK. Llenb HacTosIIer PaboThl COCTOUT

INTRODUCTION
The widespread use of nanosized particles as fill-
ers for dispersion-reinforced polymer composite
materials is due to a significant increase in the
mechanical characteristics of composites at a low
(by weight) concentration of filler particles [1,
2, 3]. One of the effective methods for finding
new compositions with the required mechanical
characteristics is based on mathematical model-
ing [4, 5]. In general, there are two approaches
to the construction of mathematical models of
dispersion-reinforced polymer composite materi-
als. The first approach, macroscopic, is based on
the use of the traditional apparatus of polymer
mechanics [4, 6, 7], the second is microscopic,
which is based on the use of the apparatus of
molecular dynamics [8, 9]. The use of the appa-
ratus of polymer mechanics is the most expedi-
ent, despite a number of limitations. Thus, the
use of this approach requires information on the
mechanical characteristics (e. g., elastic moduli,
Poisson’s ratio) of nanosized particles [10]. In
effect, it is not always possible to determine
the mechanical characteristics of nanosized par-
ticles. This is due to the fact that measurement
of these characteristics is sometimes impossible
due to the small diameter of nanosized particles.
Mathematical methods for their prediction are
often associated with the solution of inverse
problems that require strict proof of the unique-
ness of their solution, which is aggravated by the
lack of a priori information about their mechani-
cal characteristics. It should also be noted that
the structure of nanosized particles may differ
from the structure of microparticles of the same
type, therefore, and the mechanical properties
of these particles will also be different. Attempts
to estimate the density of a mixture of particles
and liquid were made on the basis of an analy-
sis of the dependence of the refractive index on
concentration [11, 12, 13], but they are based on
extremely expensive instruments for measuring
the central wavelength of a fiber Bragg grating.
In this regard, the use of indirect methods for
determining the approximate values of the phys-
ical and technical characteristics of nanosized
particles, which in practice will limit the search
area for solving inverse problems, is relevant.
One of the important parameters of nanosized
particles is their density, knowing which one can
determine the range of some of their mechanical
characteristics. The purpose of this work is to
develop a mathematical model for determining
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B Pa3sBUTHUHM MaTeMaTH4YeCKOM MoOJeNH OIIpefese-
HHUS [JIOTHOCTH HAaHOPa3MePHBIX YacCTHI] Ha OCHOBe
MOJe/TMPOBaHMS Ipollecca MX CelHMMeHTallhu B pac-
TBOpe [14] M sMIKMpUYecKor MHOOPMALIUHU O Xapak-
TepHOM BpeMeHH UX CelUMeHTallkH.

MATEMATUYECKAS MOJAEJb

Ha pucyHke 1 a mpuBefeHa CXeMa H3MePHUTe/lbHOU
CHCTeMBI, Ha KOTOPOM IIOKa3aH HKMCTOYHUK Ja3ep-
Horo musjiydeHus (Laser), IpOXOAsLIHH 4Yepe3 KBap-
LIeBbI KOHTEHHEP C >KUAKOCTBIO M B3BeLIeHHBIMHU
B HeH 4YacTHIIaMU (BblIe/NeHO 3e/IeHbIM), HU3J/lyuyeHHe
KOTOPOro MpUHKUMaeTcsl Ha doTtonmerekrope (PD). O6o-
3Ha4MM BBICOTYy KOHTeHHepa 3a H, guameTp /asep-
HOro siyda ob603HauMM 3a R, IONOKeHHe J1a3epHOro
Jly4a 110 BePTUKAIH 32 h. BBIXOJHOM TOK poTOIpHeM-
HHKa [IPOIIOPLIMOHA/IEH PACCTOSHHUIO, IPOUAEHHOMY
yepe3 KOHTeMHEep, ONTHYEeCKOM ILIOTHOCTH >KUIKO-
CTH C YacTHLUAMH W MOIIHOCTH HCXOLHOIO Jla3ep-
HOTO M3/1ydeHHs. [/l TOro 4To6bl MCKIIOUYHUTh BIIH-
SHHEe MOIIHOCTH HCXOJHOIO JIa3epPHOTO H3/1yYeHHs
U PacCTOSIHUS, IIPOMIEHHOIO JIYYOM 4epe3 KOHTeM-
Hep, a TaKke II0Tepb, BBI3BAHHBIX IIPHU IIPOXOKAeE-
HUHU U3/Ty4eHHs depe3 CTeHKH KOHTeHHepa, OlITHYe-
CKOe H3/lydeHHe Iepell KOHTeHHepoM Je/IUTCS Ha [IBe
YacTH, OAHA M3 KOTOPBIX HAIIpaB/seTcsl B KOHTEH-
Hep, a BTOpas MHMMO Hero. M3MmepeHHs IIPOBOIATCS
Ha IuddepeHuranpHOM (OTOIpHEMHHKE, KOTOPBIK
HM3MepsieT OTHOCUTE/IbHOe 3aTyXaHHe JIa3epPHOTo Iyda.
OnTudeckas cxeMa AuddepeHIIHAIBHBIX U3MEPeHU M
JUIS IIPOCTOTHI Ha PHUCYHKe 1 a He IOKasaHa. 37ech
U Jajlee IOAPa3yMeBaeTcsl, YTO BCe HM3MepeHMs IIPo-
BOOATCA IO JUPPepeHLIMATBHOM CXeMe H3MepeHHUs
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the density of nanosized particles based on mod-
eling the process of their sedimentation in solu-
tion [14] and empirical information about the
characteristic time of their sedimentation.

MATHEMATICAL MODEL

Figure 1, a shows a diagram of the measuring
system, which shows a laser radiation source
(Laser) passing through a quartz container with
liquid and particles suspended in it (highlighted
in green), the radiation of which is received by
a photodetector (PD). Let’s denote the height
of the container as H, the diameter of the laser
beam as R, and the vertical position of the laser
beam as h. The output current of the photode-
tector is proportional to the distance traveled
through the container, the optical density of the
liquid with particles, and the power of the initial
laser radiation. In order to exclude the influence
of the power of the initial laser radiation and
the distance traveled by the beam through the
container, as well as losses caused by the passage
of radiation through the walls of the container,
the optical radiation in front of the container is
divided into two parts, one of which is directed
into the container, and the second past him.
The measurements are carried out on a differ-
ential photodetector that measures the relative
attenuation of the laser beam. The optical layout
for differential measurements is, for simplicity,
shown in Figure 1, a not shown. Hereinafter, it
is assumed that all measurements are carried out
according to a differential measurement scheme

---1 Jlasep

\ ¢

Puc. 1. Cxema uzmepumenbHol cucmembl (a); cuabl, delicmeytouiue Ha 4acmuuy 8 xudkocmu (b): G - cuna msxecmu, A - cuaa
Apxumeda, R - cuna 2udpoOUHAMUYECK020 CONPomMuUBAeHusl Kuokocmu, D — duamemp yacmuuypl

Fig. 1. Diagram of the measuring system (a); forces acting on a particle in a liquid (b): G is the force of gravity, A is the Archimedes
force, R is the force of hydrodynamic resistance of the liquid, D is the particle diameter
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OTHOCHTEJIPHOTO 3aTyXaHHUs. Mcxofs U3 H3MepeHUH
OTHOCHUTEJIPHOIO 3aTyXaHHS CBETOBOIO IIOTOKA MOXKHO
Ce/laTb BBIBOZ, O KOHLIEHTPALIMM YaCTHUL, B >KHIKO-
ctu (14, 15] 1 omlpefe/IUTh IIOCTOSIHHYIO BpeMeHH CefH-
MeHTAIlUH B IIpoLiecce OCAKAEHM S YacTHUII.

[lepen, TeM Kak CPOPMYIHPOBATbL OCHOBHBIE COOT-
HOIlIeHUSI MaTeMaTHU4YeCKON MoJeni, chbopMynrupyeM
pSiA [ONYyINeHWH M IHpefIIoNoskeHUM. BO3HHKHOBe-
HHe BHYTPEHHHX TeYeHHH B >KUAKOCTH YBIeKaeT
3a coboil HaHOpa3MepHbIe YaCTHUIIbL U CyIeCTBeHHBIM
obpa3zoM BIHSET Ha UX OCakAeHHe. [ TOro 4Tobel
HCK/IIOYHTD BIHSHUE BHYTPEHHUX TeUeHUH B SKHUIKO-
CTH Ha IIPOLeCcC OCAKAEHHS HAHOPAa3MepHBIX YaCTHUII,
IIPeJII0/I0KUM, YTO BCe M3MepeHUs IIPOBOASITCS IIpU
CTallMOHAPHOM TeMIIepaType, TO eCTb Ha BCeX BHeIl-
HHX T'PaHULIAX KIOBETHI IIOJlep>KUBAETCSl OLUHAKOBAs
U IIOCTOSHHAs TeMIlepaTypa. JTO IIpeAIlo/IosKeHHe
CleJIaHO [ TOrO, YTOOBI MCKIYUTH BO3HHUKHOBE-
HHS B KUJKOCTH BHYTPeHHHX TeUeHHUH, BbI3BAaHHBIX
IepernafoM IUIOTHOCTH HM3-3a TpafiieHTa TeMIlepa-
Typbl. Ha CKOpOCTb OCakmeHHs YacTHUL, MOKET BJIM-
ATh U AUGQYy3usd YacTHIl, BhI3BaHHAs TPaJHeHTOM
HUX KOHLEHTpPALlMH B SKUAKOCTU. IIpeAronosxkuM, 4To
KOHILIEHTpall¥sl HAHOPa3MepHBIX YacTHUL] B SKHUIKOCTHU
JIOCTAaTOYHO MaJla, eMKOCTb C CMEChIO JJOCTATOYHO IJIy-
Boxkasi, Ia3epHBIH J1y4d KOHTPOJIS PACIIONIOKeH BOIH3HU
BepXHel TIPaHMIbl KIOBETBHI, a AHaMeTp Ja3epHOro
7y4da U ero pacCTOSHHe 10 BepXHeH I'PaHHUIIbl KIOBEThI
HaMHOI'0 MeHblie BeICOThI KioBeThl (H-h<<H u R<<H).
B yC/IoBHSIX 3TOrO IpelIIonosKeHHsI MOXKHO CUHTATh,
YTO KOHIIEHTpALMsl HAaHOPa3MepHBIX YacTHIL B obia-
CTH JIy4a KOHTPOJISL 10 Ha4a/la OCAKAeHUs COBIIaZaeT
C UX KOHIIeHTpallhdel HeIOoCPefCTBEHHO IIO[ Iy4OM
KOHTPOJISI B KKABI MOMEHT BpeMeHH. TakuM obpa-
30M, BIHSHHEe TUGOY3HM Ha IIOCTOSHHYIO BpeMeHH
CeIMMeHTAllMH YYUTEIBAeTCS TOJIBKO Ha BepxHeH
TPaHULle OCLKAEHHUSI HAaHOPAa3MepHBIX YaCTHULL, e
rpajyieHT KOHLIeHTpPAallMK 3aMeTeH. IIpefIlonosKUM
TaKKe, YTO BCe HAHOPa3MePHBIX YaCTHLIbI B SKUAKOCTH
MMeIOT OAVHAKOBBIM pa3sMep M MaccCy, U JBHKeHHe
HaHOPa3MePHBIX YaCTUL] B SXKHUAKOCTH IIPOHCXOOUT
1oJ, AeHCTBHeM CHJI TPaBUTALIMM, THAPOCTaTHYe-
CKOM IMOJbeMHOM CHJIBI U IHIPOAMHAMUYECKOMN CUIIBL
COIPOTHUBJIEHHUS SKUIKOCTH .

BoCIi0/1b30BaBIIMCh BTOPBIM 3aKOHOM HBIOTOHA,
3allMIIeM ypaBHeHHe [IBHKeHHe HaHOPa3MepHBIX
4acTul] B BeKTOPHOI dopme:

M===DP+A+F 1)

dT ’
I7le BeKTOpa A -THMIPOCTATHYECKOM TIOIBEMHOM CHIIBI
Apxumena, P - CU/Ibl TpaBUTAalUH, F - TMAPOIUHAMHE-
YeCKOM CHJIBI COITPOTUBJIEHHUS KUAKOCTH, W - CKOPO-

for relative attenuation. Based on the measure-
ments of the relative attenuation of the light flux,
it is possible to draw a conclusion about the con-
centration of particles in the liquid [14, 15] and
determine the time constant of sedimentation
during the deposition of particles.

Before formulating the basic relations of the
mathematical model, let us formulate a number
of assumptions and assumptions. The emergence
of internal flows in a liquid entrains nanosized
particles and significantly affects their sedimen-
tation. In order to exclude the influence of inter-
nal flows in the liquid on the deposition of nano-
sized particles, we assume that all measurements
are carried out at a stationary temperature, that
is, the same and constant temperature is main-
tained at all external boundaries of the cell. This
assumption was made in order to exclude the
occurrence of internal flows in the liquid caused
by the density difference due to the temperature
gradient. The sedimentation rate of particles
can also be affected by the diffusion of particles
caused by the gradient of their concentration in
the liquid. Let us assume that the concentration
of nanosized particles in the liquid is sufficiently
low, the container with the mixture is suffi-
ciently deep, the laser control beam is located
near the upper border of the cuvette, and the
diameter of the laser beam and its distance to the
upper border of the cuvette are much less than
the height of the cuvette (H-h<<H and R<<H).
Under the conditions of this assumption, it can
be assumed that the concentration of nanosized
particles in the region of the control beam before
the beginning of deposition coincides with their
concentration directly under the control beam
at each moment of time. Thus, the effect of dif-
fusion on the sedimentation time constant is
taken into account only at the upper boundary of
the deposition of nanosized particles, where the
concentration gradient is noticeable. Let us also
assume that all nanoscale particles in a liquid
have the same size and mass, and the movement
of nanosized particles in a liquid occurs under
the action of gravitational forces, hydrostatic lift
and hydrodynamic drag force of the liquid.

Using Newton’s second law, we write the equa-
tion of motion of nanosized particles in vector
form:

dw

2 _P+A+F 1
MdT P+A+F, (1)
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cTH 1 M - Macca Jyactunsl, T - BpeMsi. BeibepeM 1ipaBo-
CTOPOHHIOIO CHCTEMY KOOPAMHAT, HAIlPaBUB OCh 0z
BBEPX, OCh 0X BIIPaBO, U pacCIHIleM CHCTeMY ypaBHe-
HHU, OIIpefle/INB CHIIBL.

Cuta rpaBuTanui B (1) 3aBUCUT OT MACCHl YaCTHUIIBI
P=-Mg, rze g - yckopeHHe CBOOOJHOrO Ia/leHHsI, 3HAK
MHHYC B CHJIe TpaBHUTallUH 00yc/loBlIeH BbIOOpOM
HaIlpaBjIeHHUs OCH 0Z.

Fuppocratuyeckas MombeMHas CHIa ApxuMena
HaIlpaB/IieHa BJ0JIb OCH 0Z ¥ IIPOTHUBOIIOJIOKHO HaIIpaB-
JIeHa BEKTOPY CHJIBI TsKeCTH. COIIacHO 3aKOHY APXH-
MeZla, OHA paBHA BeCy >KUIKOCTHU, BbITeCHEHHOU
YacTULIeH:

A=PogV=poggD3’ )

rge V - obbeM yacTullel, D - ee guamerp, a p, - IUIOT-
HOCTb JKUJKOCTH.

Cuna CoOmpoTHBIEHMS [OBHKEHHIO HaIllpaB/ieHa
IIPOTUB HaIlPaBJIeHHsS CKOPOCTH YacCTHIIbI, 3aBHCHUT
OT KBaJpaTa ee CKOPOCTH, INIOTHOCTH SKUAKOCTH, IIJI0-
IIaH [IONEePeYHOro CeYeHHs YacTHULBl M YUcIa Peil-
HOJIBJICA, KOTOpOe oOIlpefessieT BA3KOCTb SKHIKOCTH.
IIpy Manblx 4YMCIaX PerHonbAca (A5 ocaskAeHHs
HaHOpa3MepHBIX YacTHL] B XKHUAKOCTH Re~300) cuia
COIIPOTHB/IEHHU S IBH>KeHHUIO HMeeT BuZ, (14]:

F=-3unD (W +U), 3)

roe D; - TUAPOOMHAMHYECKUHN AHAMETP YaCTHILHL,
u U - nuddy3sHoHHAs COCTABISONIAS CKOPOCTH,
BBI3BaHHAsl TIPafMEeHTOM KOHLIEHTPALIMH YaCTHII
B pacTBope. 3HaK MHHYC B (3) ompepessieT TO, YTO
CUJIa TUIPOSUHAMMUYECKOr0 COIIPOTUBIIEHUS HaIlpaB-
JleHa TIPOTUB HAIPaBIeHHUS CKOPOCTH JIBHUKEHUS
YaCTHUIIBL.

IMoactaBus (2) u (3) B (1), moNy4YUM ypaBHeHHe IBU-
SKEeHHSI YaCTHIIBL B €CTeCTBEeHHBIX [IepeMeHHBIX

MM=—Mg+ED3p0g—3meC(W+U). @)
ar 6

[Ipeobpasyem (4), 3amucaB ero B 6e3pasMepHON
dopme, BBezs 6e3pazMepHbIe W — CKOPOCTH U T - BpeMs,
OIlpefie/IMB XapaKTepHbIe ITapaMeTphl 33/1auu L, - pas-
Mmep u T, - BpeMs. Ilocie mpeobpa3oBaHUI IIONY-
YUM ypaBHeHHe [ABMXeHHUsS (4) B Oe3pa3sMepHBIX
IlepeMeHHBIX !

d(w+u)

. =o-B-(w+u), (5)

rae u=U-T,/L, - 6espasmepHas AUPDY3HOHHAS COCTAB-

JISIOINAst CKOPOCTH, a Jy1s 6e3pa3MepHBIX KOMILIEKCOB
a U [} BBeZeHbl 0603HAUeHHUS !
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where vectors A are the hydrostatic lifting force of
Archimedes, P are the forces of gravity, F are the
hydrodynamic drag force of the fluid, W are the
velocities, and M is the mass of the particle, T is
the time. Let’s choose a right-handed coordinate
system, pointing the oz axis up, the ox axis to the
right, and write out the system of equations,
defining the forces.

The force of gravity in (1) depends on the mass
of the particle P=-Mg, where g is the acceleration
of gravity, the minus sign in the force of grav-
ity is due to the choice of the direction of the oz
axis.

Archimedes’ hydrostatic lift is directed along
the o0z axis, and oppositely directed to the grav-
ity vector. According to Archimedes’ law, it is
equal to the weight of the liquid displaced by the
particle:

A=PogV=PoggD3» )

where V is the volume of a particle, D is its diam-
eter, and p, is the density of the liquid.

The force of resistance to motion is directed
against the direction of the particle’s velocity,
depending on the square of its velocity, the den-
sity of the liquid, the cross-sectional area of the
particle and the Reynolds number, which deter-
mines the viscosity of the liquid. At low Reynolds
numbers (for the deposition of nanosized par-
ticles in a liquid, Re~300), the force of resistance
to motion has the form [14]:

F=-3unD (W +U), (3)

where Dg is the hydrodynamic diameter of a par-
ticle, and U is the diffusion component of the
velocity caused by the concentration gradient
of particles in the solution. The minus sign in
(3) determines that the force of hydrodynamic
resistance is directed against the direction of the
particle velocity.

Substituting (2) and (3) in (1), we obtain the
equation of motion of a particle in natural
variables:

dW+0)

M=7F

=—Mg+%D3p0g—3thG(W+U). (4)

We transform (4), writing it down in dimen-
sionless form, introducing dimensionless w -
velocity and t - time, determining the char-
acteristic parameters of the problem L, - size
and T, - time. After transformations, we obtain
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o= Ot(p,po) = [%)_ leLO_Ogr p= B(p’D’Dcru) = 182% . (6)
Be3pasmMepHble KOMIITIEKCHl O K 3 ITOTHOCTBIO OIpefie-
JISIIOT 337a4y, TYT P, ~ IVIOTHOCTb JKUAKOCTH, p — ILZIOT-
HOCTb U D - guameTp U Dg - rHApOAMHAMUYECKUI
OuaMeTp 4YacTuLBL, a Ly u T, - XapaKTepHble paccTo-
sSHUe U BpeMsi. be3pasmMepHBbIN KOMILUIEKC O OIpefe-
nsieT BAMSHHE CHI IPaBUTALIMU U THIPOCTaTHYECKOM
IIOA'BEMHOM CHJIBI, a 3 - BIMSHHE CHJI TUAPOAHUHAMU-
YeCKOTr'0 COITPOTHUBIIEHHUS.

XapakTepHble IapaMeTphl 3aZauu (6) MOXKHO
BbIOpATh IIPOKM3BOIBHO. BMecTe ¢ TeM MOXKHO IToTpebo-
BaTh UX BHIOOP TakKUM 06pa3oM, uTobbI He3pa3mepHBbIe
KOMILIEKCEL & M [} 6BUIH 6BI OZHOTO IOPSAKA, HAIIPH-
Mep, a==1[16]:

2
TO=%,LO=[%°—1]T§g. @)
PemeHue ypaBHeHHUs (5) I103BOJISIET IIOJTHOCTBIO
OoInpeneninTb 3aBHUCHMOCTH CKOPOCTI/I OCa’KOeHHUusa
YaCTHL OT BpeMeHH B IIPeIIOoKeHHH, YTO AUPPY3H-
OHHas COCTaBJIAKOMIIASl CKOPOCTHU U He 3aBUCHUT OT Bpe-
MEHH, 4 3aBHCHUT JIHUIIb OT I'paJHe€HTa KOHIeHTPAllhuH
HaHOPA3MEPHBIX Y4CTHUL B paCTBOpe BOIM3U 06acTu
KOHTPpOJIA, rAe KOHUEHTPallKs YaCTHUL HeBE/IKKa:

w(t)= ‘“BB'“ +(w(0)——a *BB'“]e-BT. (8)

MOJKHO IIOKa3aTh, YTO IOCIAeLHee ciaraeMoe B (8)
¢ pocToM 6e3pa3MepHOro BpeMeHH eCTbh 04eHb OBICTPO
3aTyXaromas Cl)yHKL[I/Iﬂ, H CKOPOCTb OCa’KAEHHS ITPAK-
THYeCKH MI'HOBEHHO IIpDMHHMAe€T MAKCHMAaJ/IPHOE
3HAYEeHHe:

o+B-u
—[3 .

Cre0BaTeNbHO, MOXKHO CUMTATh, YTO BCE HAHOPA3-
MepHbIe YaCTHLbI B KUIKOCTH OCAKAAIOTCS C [IOCTO-
SHHOHM CKOPOCTBIO W), OIIPEIeIsieMON COOTHOIIe-
Huem (9).

OmpenenuM IIOCTOSIHHYIO BpeMeHH CeJHUMeHTa-
L[UU T, KaK BpeMsi, [IPOHIeHHOe YaCTHUI[AMHU OT BepX-
HeH IPaHUILIbl KIOBETHI 10 CEPEAUHBI J1a3epHOro Iy4a,
KOTOpOe MOSKHO 3aIlMCaTh HCXOLsS U3 FeOMeTpPHHU
3aZla4M U CKOPOCTH OCAKAEHUS

Hoh T,

Max Lo

— (H_h)'B(va’Dcru) .E

(oc(p,po)+B(p,D,DG,u)-U-TO /Lo) L, ’

rje a 1 B SIBJISIFOTCSL q)yHKHI/IﬂMI/I @HE}H‘{QCKHX Imapa-
MeTpOB 3a/lauu.

(9)

WMax =

To(pyDyDG’pO’H) =

(10)

=

the equation of motion (4) in dimensionless
variables:

W:a—ﬁ-(WHt), (5)

where u=U-T,/L, is the dimensionless diffusion
component of the velocity, and the designations
are introduced for the dimensionless complexes
a and B:

Po T)g _ _18uT, D

o= O((p,po) =(F_1JL_0’ B—B(pr’DGru)_W' (6)

Dimensionless complexes a and B completely
determine the problem, here p, is the density
of the liquid, p is the density and D is the diam-
eter and D;is the hydrodynamic diameter of the
particle, and L, and T, are the characteristic
distance and time. The dimensionless complex a
determines the influence of the forces of gravity
and hydrostatic lift, and B is the influence of the
forces of hydrodynamic resistance.

The characteristic parameters of problem (6)
can be chosen arbitrarily. At the same time, one
can require their choice so that the dimension-
less complexes o and B would be of the same
order, e.g., a=B=1[16]:

pDz Po 2
T,=—, L, =| 2-1|T:g. 7
o718’ (p 08 2

The solution of equation (5) makes it possible
to completely determine the dependence of the
particle sedimentation rate on time under the
assumption that the diffusion component of the
velocity U does not depend on time, but depends
only on the concentration gradient of nanosized
particles in the solution near the control region,
where the particle concentration is low:

w(«):w{wm)_m]e-ﬁa (8)
i p

It can be shown that the last term in (8) with
increasing dimensionless time is a very rap-
idly decaying function, and the deposition rate
almost instantly takes on a maximum value:

WMax = OL+BB.H~ (9)

Therefore, we can assume that all nanosized
particles in a liquid are deposited at a constant
rate w,,,,, determined by relation (9).

Let us define the sedimentation time constant
T, as the time passed by the particles from the
upper boundary of the cuvette to the middle of
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Jnsl olleHKH BIMSHUSA TUPPY3HMOHHOM COCTABIIS-
IOIIer CKOPOCTH Ha CKOPOCTb CeIMMEHTAIMH MOKHO
KCII0/Ib30BaTh SMIIMPUYeCKHe OLleHKU. MHUKPOCKOIIH-
YecKHe HCCIef0BaHUS I103BOJISIOT OIIpeeIuTh reoMe-
TPHUUYeCKHH PafuyC 4acTuL. [Ipor3BeleHHbIe OLleHKH
AUaMeTpa HAaHOPAa3MepHBIX YaCTHUILL IJIs1 OKCH/A aJlIo-
MHUHHUSI METOJOM JUHAMHUYECKOIO CBeTOpaCCesHMS
Ha 3/eKTPOHHOM MHKPOCKOIle II0Ka3alH, 4YTO JHa-
MeTp HaHOpPa3MepHBIX YaCTHUL, OKCH[A AJTIOMHHHSI
OLIeHMBaeTCsl BeIMYUHON ~53,1 HM (17, 18]. OueHKy
TUAPOSUHAMHUYECKOI0 PpafHyca MOXKHO IIPOBeCTH
MeTOAOM OMHAMHYECKOIOo CBeTopaccesHHs, a 3ddek-
THUBHBIM THIPOJHUHAMHUYECKHH PafuyC pacCUM-
TaTh Ha OCHOBe aHa/lIM3a Ko3bouliveHTa TUPPYy3HUU
10 ypaBHeHHI0 CTOKCa-DUHIITEMHA A1 CPepUIeCcKUX
yactull R=k-T/(6mhD), roe k - koHcTaHTa BoibliMaHa,
T - TeMIepaTypa, h - AMHAMHUYeCKast BI3KOCTh SKHIKO-
ctu. Haubonee BeposSTHOe 3HAadeHHe T'MAPOSHHAMU-
4ecKoro JUaMeTpa HAaHOPa3MepHBIX 4YacCTHL], OKCHUAA
AIIOMHHHUS B 3KCIIEPHMEHTAX OLIeHHUBAEeTCSl BeIUYHU-
HOH ~284 HM [17], kK03dduLIeHT AUIPY3UU IPH STOM
oueHuBaercs B 8,6-1073 m?/cek, 4TO [aeT OLIEHKY
BeJIMYHHEI NOpsAKa OHGOY3HOHHOM COCTaB/SIOLIEH
ckopoctu ~1071-10"" M/ c, IpHU OLIeHKe CKOPOCTH OCAXK-
JeHUsI HaHOpasMepHBIX YacTHI] B CTAallMOHAapHOM
SKUAKOCTH ~107-1078 m/c. CiiemoBaTe/lIbHO, BIUSHHUEM
IUPPY3HOHHON COCTABSAIOIIEH CKOPOCTH Ha IIOCTO-
SHHYI0O BpPeMeHH OCLKHEeHHSI MOKHO IIpeHebpeus,
IIOCKOJIPKY OHA IIPMMEpPHO Ha TPH MOpSAKAa MeHBbIIe
CKOPOCTH ocaxkiieHHsi. TaM ke [17] maHBI OLleHKH OTHO-
HIeHUSI TUAPOAUHAMMHYECKOTO M TeoMeTPHUYEeCKOro
JHaMeTPOB HAaHOPa3MepHBIX 4YacTHI] - 5,3.

OTHOCUTENBHYI0 KOHIIEHTPALIMIO YacTHI[ B obna-
CTH JIa3€pHOIO0 Jiy4a KOHTPOJISL MOKHO CBSI3aTh C ILJIO-
QB0 IIOIIEPeYHOr0 CeYeHHS Jyda, 3aKphIBaeMYIO
JacTuamMu. CUnTas [oIepevyHoe ceYeHHe JIa3epHOro
Jydya KpPyTOM K CBSI3aB BEPXHIOIO IPAaHMILY OCaKAAe-
MBIX YaCTHI] C MAaKCHMaJIbHOM CKOPOCTBIO OCAKIEHHS
Wtaxs TOTTYUHM:

-1k FTER, 0

rae c(wt) — OTHOCHUTe/IbHASI HHTeHCUBHOCTh CBETOBOI'O
[I0TOKa, H - BBICOTa KIOBETHI, h — BBICOTA IIOJIOSKEHUS
JIa3epHOro Jiy4ya, R-ero pasguyc, wt - BepXHsisi TPaHHIIA
OCasKAAeMBIX YacTHI]. 3aBUCHUMOCTD (11) I/I1 OTHOCHU-
TeJIbHOIM KOHLIEHTPAIIUK YaCTHULL B 0671aCTH JIyda KOH-
Tposns (11) mpHBeeHa B YCIOBUSIX HOPMUPOBKHU,, KOT/A
32 eAUHHUIY NPUHUMAETCs MaKCHUMajbHasi KOHLIEH-
TPaLIMs YacTHUI] (10 OCAKAEHHUS), A 33 HOJIb — 3HAUeHHe,
KOI'Zla BepXHsSI PAaHMIA YACTHLL IIOJTHOCTBIO ITPOILIA
obmactp my4a KoHTpons. HHTerpan (11) MoxkeT 6BITH
B3SIT aHAJIMTUYeCKH, TOra A5 c(WT) MOMyUnM:
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the laser beam, which can be written based on
the geometry of the problem and the deposition
rate:

~

H-h
1:O(p’D’DG’po’M):W .L_OZ
Max 0

(H_h)B(p’D’DG’H) &
(OL(p,pO)+[3(p,D,DG,u)-U-T0 /Lo) L, '

(10)

where a and B are functions of the physical
parameters of the problem.

Empirical estimates can be used to assess the
effect of the diffusion component of the velocity
on the sedimentation rate. Microscopic stud-
ies allow determining the geometric radius of
the particles. The estimates of the diameter
of nanosized particles for aluminum oxide by
the method of dynamic light scattering on an
electron microscope showed that the diameter
of nanosized particles of aluminum oxide is
estimated at ~53.1 nm [17, 18]. The hydrody-
namic radius can be estimated by the method
of dynamic light scattering, and the effective
hydrodynamic radius can be calculated based
on the analysis of the diffusion coefficient
according to the Stokes-Einstein equation for
spherical particles R=k-T/(6mhD), where k is
the Boltzmann constant, T is temperature, h is
dynamic viscosity of the liquid. The most prob-
able value of the hydrodynamic diameter of
nanosized aluminum oxide particles in experi-
ments is estimated at ~284 nm [17], the diffu-
sion coefficient is estimated at 8.6-10713 m?/s,
which gives an estimate of the order of the
diffusion velocity component ~1071-10"! m/s,
when assessing the deposition rate of nanosized
particles in a stationary liquid ~107-10"® m/s.
Therefore, the influence of the diffusion compo-
nent of the velocity on the deposition time con-
stant can be neglected, since it is approximately
three orders of magnitude less than the deposi-
tion rate. The same work [17] gives the estimates
for the ratio of the hydrodynamic and geometric
diameters of nanosized particle, i.e. 5.3.

The relative concentration of particles in the
area of the monitoring laser beam can be related
to the cross-sectional area of the beam covered
by the particles. Assuming the cross section of
the laser beam to be a circle, and connecting
the upper boundary of the deposited particles
with the maximum deposition rate w,,,, we
obtain
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wt-h
R

c(wr)= 1 Maresin
2 =©

BripaskeHue (12) mo3Bo/sieT IMOCTPOUTh OTHOCH-
TeJlbHOE H3MeHeHHe KOHLIEHTPALlUHU B 3aBUCHMOCTH
OT BpeMeHU. Ha pHCyHKe 2 IIpUBefleHa 3aBUCHMOCTb
KPHBOM OTHOCHTENBHOIO M3MeHeHHUsI KOHLIEHTPalluU
YaCTHUL] B 30He JIa3ePHOro Jiy4ua B be3pa3mepHBIX IIepe-
MeHHBIX. [laHHBle NIPUBEIEHBI AJIs1 KIOBEThI BBICOTOU
0,05 M, y1a3epHBIM 1y4 ¢ fuaMeTpoM 0,01 M, pacrosno-
>KeH Ha BbicoTe 0,03 M.

Ha pucyHke 3 mpuBefeHBbl KpHUBble IIPOrHO3HPY-
eMBIX 3Ha4YeHHI IIOCTOSIHHOM BpeMeHHU CefHMeH-
TallMy I 4acTHUL] IIoJIMMepa (pa3Mep0M 50, 100,
150 HM) B 3aBMCHMMOCTH OT MX IIJIOTHOCTH. I10 BCIIOMO-
raTeJIbHOM OCH NYHKTHPHOM JIMHHEH TOIO Ke ILiBeTa
MIpHBeJeHa MAaKCHMa/IbHASI CKOPOCTb OCKIEHUS,

Kak MOXKHO BHUJETb U3 JAHHBIX, IIPHUBEJEHHBIX
Ha PUCYHKe 3, CKOPOCTb OCKAEHUS YacTULL TMHEHHO
3aBUCHUT OT HUX IUIOTHOCTH M BO3PACTaeT C yBelHye-
HHeM pasMepa 4acTULll. [Ipy 3TOM IIOCTOSIHHas Bpe-
MeHU CeJUMeHTAllMH HeJIMHEeHHO yObIBaeT ¢ pOCTOM
[UIOTHOCTH YacCTHUL, U OJjI YacTUIL OOJIbIIero guamMme-
Tpa IOCTOSIHHAsl BPeMeHM CeJUMEeHTAllUH MeHBIIe.
OIHAaKo U B TOM, U B [PyrOM C/lydae IIOCTOSSHHAsI Bpe-
MeHH CefJMMeHTALlH U3MepseTcs

1w 2 2
cwo)=1-—5 ], VR - - dE, ()

where, c(wt) is the relative intensity of the light
flux, H is the height of the cuvette, h is the
height of the position of the laser beam, R is its
radius, wrt is the upper boundary of the depos-
ited particles. Dependence (11) for the relative
concentration of particles in the area of the
control beam (11) is given under normalization
conditions, when the maximum concentration
of particles (before sedimentation) is taken as
a unit, and the value when the upper boundary
of particles has completely passed area of the
control beam. Integral (11) can be taken analyti-
cally, then for c(wt) we obtain:

wt-h
R

c(vvr):l—l arcsin we—h +
2 n R

Expression (12) allows you to construct the
relative change in concentration as a function of
time. Figure 2 shows the dependence of the curve
of the relative change in the concentration of par-
ticles in the zone of the laser beam in dimension-

B CyTKax.
Ilony4yeHHBIE  3aBHCHMOCTH

—
o
o

OBLTM YAaCTUYHO IIOATBEPSKIEHBI
3KCIIePUMEeHTaJIbHbIMU JaHHBIMH,
nonyyeHHsiMu B KHHUTY-KAH
Ha Kadenpe 3J1eKTPOHHBIX
Y KBaHTOBBIX CPeACTB Ilepelayu
UHPOpMALIUHU.

o

~N

wv
T

BbIBOAbl

IIo pe3ynbTaTaM IIPOBeJeHHOM
pa60T1>1 MOXHO COOPMYIHPO-
BaTh CJIeAyIOllie BBIBOABI. Bhblla
II0CTaB/ieHa M pelleHa 3a7adva
II0 IIOCTPOEHHIO 3aBHCHMOCTHU
IIOCTOSSHHON BpeMeHHU cefHuMeH-
TAallU¥ OT IIOTHOCTHU >KUIKOCTH,

o

v

o
T

o

N

wv
T

OTHOCHTEeNbHOE U3MeHeHHe KOHLIeHTPaLluU (6e3pa3M. eﬂ.)

KO3 PUIIeHTA ee TUHAMHUYECKOKN
BSI3KOCTH, IJIOTHOCTH M Pa3MePOB
oCakgaeMbIX 4YacTull. Bo3MoxK-
HOCTb M3MepeHHUsI IOCTOSIHHOM
BpeMeHH CeJUMEeHTAllUd B XOAe
3KCIIePUMEHTA I103BOJISIeT OJHO-
3HAYHO OIpeeNIUTh IUIOTHOCTD,
a BMeCTe C HUM ¥ MOJIeKy/IspHBIN
BeC YaCTHUL] IIPH yCIOBUH, UTO HX

Puc. 2. OmHocumenbHoe U3MeHeHUe KOHUeHmMpayuu 4acmuy, 8 30He Ad3epHo20
Ay4a 8 6e3pazmepHblX nepemMeHHbIX

Fig. 2. Relative change in the concentration of particles in the zone of the laser
beam in dimensionless variables

1 2 3 4

Bpemsi, 6e3pasM. ef.
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Bpems, CyTKU

-
o

3-1077
—— 50 HM
—— 100 HEM
—— 150 HEM
---- 50 HM
--=-- 100 HM

---- 150 HM 2-107

1-107

CKOPOCTB OCaKIAEHUS, M/ C

.....
.....

4-10°

ckopocmu oca)koeHus 0As pasAu4HbIX pasmepos Hacmuu)

IIJI0THOCTD YaCTHII, KT/ M3

Puc. 3. [1pozHo3upyemoe 3Ha4yeHue NoCMosiHHOU 8pemeHuU ce0uMeHmauuu U CKopocmb 0CAXXOeHUs 8 3a8UCUMOCMU 0m NAOMHOCMU
yacmuu, das yacmuy, ¢ duamempom 50, 100 u 150 Hm (HenpepblgHol AUHUel 0603HAYeHbI KpUBble 8peMeHU 0CaXKOeHUS; NYHKMUpPHOL -

Fig. 3. Predicted sedimentation time constant and sedimentation rate as a function of particle density for particles with a diameter of
50, 100 and 150 nm (solid lines denote sedimentation time curves; dashed line denotes sedimentation rates for different particle sizes)

0
8-103

pa3Mephl M3BeCTHbI. OZHOBPEeMEHHO C 3THM MOXKHO
OIlpele/INTh KM pasMep 4YacTHL] IIPH YCJIOBHH, 4YTO
M3BeCTHA UX IUIOTHOCTb. JTH JaHHBIE JO/DKHBL OBITH
I10JIe3HBI [J151 SKCIIEPUMEHTATOPOB 7151 BepUPUKALIUU
YCJIIOBHUI M Pe3y/IbTaTOB 3KCIIEPUMEHTOB I10 JaHHBIM
MaTeMaTH4eckor Mofenu. IlpakTuuecKass 3Ha4H-
MOCTb PaboThl 3aK/0YaeTCsi B YyTOYHEHUH YCIOBUI
IJIsl TIpOBefleHHsl IKCIIePHMEHTOB IO AJIMTelIbHOHU
cefMMeHTAalMU. IIpemyioskeHHass MaTeMaTHYecKas
MOZIe/Ib [T03BOJISIeT COKPATUTh BPeMsI [IPOBeeHUs IKC-
[IepHMeHTOB I10 OLleHKe IIJIOTHOCTH HaHOPa3MePHBIX
YaCTHL, He JOKUAASICh UX IIOJTHOIO OCAKIEHUS.

PUHAHCUNPOBAHUE

Pabora BBIIIOTHEHA IpU IOAJAep>KKe MmuHOOpHa-
yku Poccum (cornamenue Homep 075-03-2020-051/3
ot 09.06.2020, HoMep TeMbl fzsu-2020-0021) B yacTu
IIOCTAaHOBKU (U3HMUYECKOM 33[a4Md MOJeNINPOBaHUS,
BepUOUKALIMU AAHHBIX W II0JIyYeHHBIX Pe3y/JbTaTOB
1 MHHHCTEPCTBA HAyKH K BBICIIEr0 0Opa30BaHUS
Poccurickon Penmepanuu (cornmamenue HoMmep 075-03-
2020-051, HoMep TeMy fzsu-2020-0020) B 4acTH IOCTPO-
eHHS MaTeMaTH4eCKOH MOJEeNIH U eé pealru3aluu
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less variables. The data are given for a cell with
a height of 0.05 m, a laser beam with a diameter
of 0.01 m, located at a height of 0.03 m.

Figure 3 shows the curves of the predicted val-
ues of the sedimentation time constant for poly-
mer particles (size 50, 100, 150 nm) depending on
their density. On the auxiliary axis, the dotted
line of the same color shows the maximum depo-
sition rate.

As can be seen from the data shown in Figure 3,
the deposition rate of particles linearly depends
on their density and increases with increasing
particle size. At the same time, the sedimenta-
tion time constant decreases nonlinearly with
increasing particle density, and for particles of
larger diameter, the sedimentation time con-
stant is less. However, in both cases, the sedi-
mentation time constant is measured in days.

The obtained dependences were partially con-
firmed by the experimental data obtained at the
A.N.Tupolev Kazan National Research Technical
University at the Department of Electronic and
Quantum Means of Information Transmission.
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CONCLUSIONS

Based on the results of the work carried out, the
following conclusions can be formulated. The task
of plotting the dependence of the sedimentation
time constant on the density of the liquid, the
coefficient of its dynamic viscosity, the density and
size of the precipitated particles was set and solved.
The possibility of measuring the sedimentation
time constant during the experiment allows one to
unambiguously determine the density, and with
it, the molecular weight of the particles, provided
that their sizes are known. At the same time, the
size of the particles can be determined, provided
that their density is known. These data should be
useful for experimenters to verify the conditions
and results of experiments using the data of the
mathematical model. The practical significance of
the work is to clarify the conditions for conduct-
ing experiments on long-term sedimentation. The
proposed mathematical model makes it possible
to reduce the time for conducting experiments to
estimate the density of nanosized particles with-
out waiting for their complete deposition.
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